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DELTA METHODS IN ENVELOPING ALGEBRAS
OF LIE SUPERALGEBRAS

JEFFREY BERGEN AND D. S. PASSMAN

ABSTRACT. Let L be a Lie superalgebra over a field K of characteristic # 2.
We define

A(L) = {l € L|dimg[L, [] < c0}.
Then A(L) is a Lie ideal of L and is restricted if L is restricted. A(L) is the
Lie superalgebra analog of the Lie delta ideal, used by the authors in the study
of enveloping rings, and also of the finite conjugate center of a group, used in
the study of group algebras and crossed products.

In this paper we examine U(L), where depending upon charK, U(L)
denotes either the enveloping algebra or the restricted enveloping algebra of
L. We show that A(L) controls certain properties of U(L). Specifically,
we consider semiprimeness, primeness, almost constants, almost centralizers,
central closures, and the Artinian condition.

INTRODUCTION

Let L = Ly® L, be a Lie superalgebra over a field K of characteristic # 2.
If char K = 0, we let U(L) denote its enveloping algebra and if char K =
p > 2, we will assume that L is restricted and U(L) will denote its restricted
enveloping algebra. In the study of group algebras and enveloping algebras of
ordinary Lie algebras, many questions have been solved using A-methods. It is
reasonable to try to find similar techniques in the Lie superalgebra context. To
this end, we consider

A(L) = {l € L|dimk[L, ] < oo},

which is a (restricted) Lie ideal of L.

The goal is to reduce questions about U(L) to analogous ones for U(A(L)).
We begin in §1 with the definitions and terminology for Lie superalgebras and
their enveloping algebras. In §2, we examine the basic properties of A(L). In
§3, we discuss derivation identities, namely expressions of the form

P +aSf+-+alB, =0 forallded>(L),

where 9°°(L) is the set of all multiple superderivations induced, via the ad
map, by all elements of Ly and L, .

The main result is
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Theorem. Suppose «;, B: € U(L) such that
ofpr+ajfr+-+aSB, =0 forall6 €d>(L).
If some «; is not zero, then By, B, ..., Py are left dependent over U(A(L)).
In §4, we introduce linear identities, that is equations of the form
aiSPr+axsPr+ -+ aysp, =0 forallse U(L).

From a ring theoretic point of view, linear identities are more important than
derivation identities as they arise in numerous ring theoretic situations. For
enveloping algebras of ordinary Lie algebras, linear identities always yield cor-
responding derivation identities [BP]. However, for superalgebras this is not
necessarily the case. Thus our results for linear identities are not quite as sharp
as those for derivation identities.

We apply the results of derivation and linear identities in §5. We show in
Corollary 5.6 that U(L) is graded prime if and only if U(A(L)) is graded L-
prime and that U(L) is semiprime if and only if U(A(L)) is L-semiprime.
When A(L) = 0, we show that U(L) is prime and that if Q is its symmetric
Martindale quotient ring, then both the center of Q and the almost constants
in Q under the action of L are equal to the ground field K. We also show
that U(L) is Artinian if and only if it is finite dimensional.

1. DEFINITIONS AND TERMINOLOGY

Let R be an associative algebra over a field K of characteristic # 2. If
o is a K-linear automorphism of R such that ¢ = 1, then R is graded by
Z, . More precisely, we can write R = Ry ® R, where Ry = {r € R|r’ =r}
and R; = {r € R|r° = —r}. Both Ry and R, are K-subspaces of R and
R,Ry C Ry, , Where a + b is computed modulo 2.

We can define a K-linear superbracket [ , ] on R by

(1) [x,y]=xy—(=1)%yx, forall xeR,, y€R,.

It follows that [ , ] satisfies

(2) [y, x] = —(=1)%[x, y], forall xe R,, y€R,,

(3) (=1)*[x, [y, 21+ (=1)[y, [z, x]I+ (=1)¥[z, [x, y]] = 0, for all x €
R., VERy, z€R.:

4) [x°,y°]=Ix,y]°,forall x, yeR;

(5) [x,yz] =[x, ylz+ (=1)®y[x, z], forall xeR,, yER,, zE€ER,.

Property (2) is called graded skew-symmetry, property (3) is called the graded
Jacobi identity, and property (5) is known as the super derivation property.

The proof of (2) is straightforward and the proofs of (3) and (5) follow easily
from the fact that [R;, Ry] C R,,p . Since ¢ is a ring homomorphism which
preserves Ry and R;, (4) holds for all elements of Ry and R; and therefore,
by linearity, for all elements of R.

Some basic properties are

Lemma 1.1. Let x € R,.

W) If z=zo+ z,, with z; € R;, then [x, z] =0 ifand only if [x, zg] =0
and [x, z;]=0.

() Ify, z€ R and [x, z] =0, then [x, yz] =[x, y]z.

(ii1) {r € R|[x, r] =0} is a o-stable subring of R.
Proof. (i) This is clear, since [x, z;] € Ryy;, for i=0,1.
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(ii) By linearity and by (i), we may assume that y € R, and z € R.. The
result then follows by applying property (5).

(1) Let 4 = {r € R|[x, r] = 0}; by (ii), A is closed under multiplication
and A is clearly closed under addition. If r = ry + r;, with r; € R;, then
[x,r’]=[x, rn]—[x, n], thus 4 is o-stable by (i).

We note that a subspace I C R is o-stable if and only if I =(INRy)®(IN
R)=1y®I, . Indeed, if I =1y®I,, then I is o-stable as each I, is g-stable
and conversely, if I is g-stable then it certainly admits such a decomposition.
The elements of Iy and I, are referred to as the homogeneous elements of I .
We will also often use the term graded in place of o-stable.

If x € R then those r € R such that [x, r] = 0 will be referred to as the
constants for x. Note that if x € R, and if z is a constant for x, then the
analog of (ii) fails when computing [x, zy] since a + or — sign occurs when
z is homogeneous, hence we cannot apply linearity.

Now suppose L is a g-stable subspace of R such that [L, L] C L. Then
[, ]on L is K-linear and satisfies (2) and (3). This leads us to the abstract
definition of a Lie superalgebra.

Definition. Suppose L is a vector space over a field K of characteristic # 2
and suppose ¢ is a K-linear transformation of L such that ¢2 = 1. L
then has a decomposition L = Ly & L,, where Ly = {/ € L|l° = [} and
L, = {l € L|I = —-1l}. We say that L is a Lie superalgebra if there is a
K-linear map [ , ] satisfying

(2) [y, X} = _(_l)ab[x’ y] ’ and

(3) (=1)*[x, [y, 2]l + (-D?[y, [z, ]I+ (=1)*[z, [x, y]] = 0, forall x €
R,, yeR,,and z €R,.

if L is a Lie superalgebra, then the Poincaré-Birkhoff-Witt Theorem guar-
antees that there exists a unique largest K-algebra U(L) O L such that U(L)

is generated by L with the relations xy — (—1)%yx =[x, y], for all x € L,
and y € L,. More precisely (see [B] or [S]), we have

Poincaré-Birkhoff-Witt Theorem. Let B be a totally ordered basis for L consist-
ing of homogeneous elements. Then U(L) has as a K-basis all ordered mono-
mials bf‘ bfz e bf" , such that b, € B, by < by, <--- < b,, B; are nonnegative
integers, and B; < 1 whenever b; € L, .

If char K = p > 2, there is an additional structure one can add.

Definition. L is a restricted Lie superalgebra if it is a Lie superalgebra with a
pth power map Ly — Ly, denoted by P satisfying

(6) (kx)PP)=krxlPl forall k € K and x € Ly;

(7) [xIP), y] = (ad x)?(y), forall x € Ly and y € L;

(8) (x +y)Pl = xW) 4 yle) 4 SV (x, y), forall x, y€ Ly;
where (ad x)(y) = [x,y] and is;(x,y) is the coefficient of A'~! in
(ad(Ax +y))P~1(x).

If L is a restricted Lie superalgebra, then there exists a unique largest K-
algebra U(L) D L such that U(L) is generated by L with relations xy —
(—1)3byx =[x, y],forall x€ L, and y € L;, and x? = x?], forall x € Lg.
The obvious analog of Jacobson’s Theorem on restricted enveloping algebras
asserts that U(L) exists (see [P]). Indeed we have
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Jacobson’s Theorem. Let L be a restricted Lie superalgebra in char p > 2 and
let B be a totally ordered basis for L consisting of homogeneous elements. Then
U(L) has as a K-basis all ordered monomials bf’ ! bfz .- b, such that b€ B,
by <by<---<b,,andsuchthat 0 < B; < p whenever b; € Ly, and 0< ;<1
whenever b; € L, .

Regardless of the characteristic of K, we will referto U(L) as the enveloping
algebra of L. However, the meaning of U(L) depends upon the characteristic
of K. If char K = 0 then U(L) is the algebra with K-basis described by
the Poincaré-Birkhoff-Witt Theorem, whereas if char K = p > 2 then we will
assume that L is restricted and U(L) has a K-basis described by Jacobson’s
Theorem.

Those monomials which occur in the Poincaré-Birkhoff-Witt Theorem or in
Jacobson’s Theorem are said to be straightened.

If X is asubset of L, welet X" denote the K-linear span of all products
of the form x;x;---x;, where x; € X and 0 < k < n. We note that U(L) =
Upeo L™ and if X? = X, then X'L! = L'X!. In addition, we set X =
Unzo X™ -

If 0+# a € U(L), then the degree of o is the minimal m with o € L™.
From the Poincaré-Birkhoff-Witt Theorem, it follows that if bf ! bf’ o bP s a
straightened monomial, then its degree is S, + S, + --- + B, . Furthermore, if
a is given by

S S

then the degree of o, dega, is max{f; + B> +--- + Bnlkp # 0} .

Finally, since ¢ is an automorphism of L of order 2, it extends to an auto-
morphism of order 2 of U(L). In particular, we can write U(L) = Uy & U, ,
where

U={ueUL)u’=u} and U, ={ueU(L)u’ =-u}.

Furthermore, if o is the straightened monomial a = bf" bfz -.-bP" | then the
parity of a is equal to the parity of the number of odd b; which actually occur
in the product, that is, the number of odd b; with exponent equal to 1.

Since U(L) is graded, we can define [ , ] on U(L) asin (1) and, by the
definition of U(L), this agrees with the superbracket given on L. We therefore
conclude that [ , ] on L extendsto [ , ] on U(L) so that properties (1)—(5)
are satisfied.

We close this section with an immediate consequence of the Poincaré-Birkhoff-
Witt Theorem.

Lemma 1.2. Let L be a Lie superalgebra and let H be a subalgebraof L. If Y
is an ordered homogeneous basis for H and if Y UX is an ordered homogeneous
basis for L with X < Y, then every element a of U(L) can be uniquely
expressed as a finite sum o = Y na, where n is a straightened monomial on
the set X and a, € U(H).

In the above situation, we say that « is written based on H . More generally,
if a,a,..., € U(L), then each a; = > na; , is based on H if the
straightened monomials # all come from the same linearly independent set X .
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2. THE A IDEAL

Let L be a Lie superalgebra (possibly restricted) and let H be a og-stable
subspace of L. We define
Dy (H)={l€ L|[H',[]=0, for some subspace H' C H of finite codimension}
={l e L|dimg[H, ] < o0} .
Since the intersection of a finite number of subspaces of finite codimension
also has finite codimension, we immediately have

Lemma 2.1. If V is a o-stable subspace of L and if W is a subspace of V of
finite codimension, then WNW?° is a o-stable subspace of V of finite codimen-
sion with WnNnWeCcWCV.

In particular, it follows that
Dy (H)={l € L|[H', ] =0, for some g-stable subspace H' C H

of finite codimension} .
Some basic properties are

Lemma 2.2. Let H be a o-stable subspace of L and set D =D (H). Then

(i) D is a Lie superalgebra of L.

(i1) If L is restricted, then so is D.

(iii) If H< L, then D< L.
Proof. (i) It follows from (4) that D is a o-stable subspace of L, thus D =
DyeD,. If x € D, and y € D, then since H = Hy® H, , the Jacobi identity
yields

(H, [x,yIC[x, [H,yll+ 1y, [H, x]].

Thus, since [H, y] and [H, x] are both finite dimensional, so is [H, [x, y]],
hence [x, y]€ D.

(ii) This follows from (7), since if x € Dy and [x, H'] = 0, then [x[P), H'] =
0.

(iii) Finally suppose H is an ideal of L;let x € D, and / € L, then again

[H,[x, 01 C[x,[H, D+, [H,x]l,

and, as above, dimg[H, x] < oo, so dimg[/,[H, x]] < co. On the other
hand, since H is an ideal of L, we have [H,[] C H, so dimg[x, [H,[]] <
dimg[H, x] < oo. Thus dimg[H, [x, []]<oo,s0 [x,/]€ D and D<L.

Now define the delta ideal, A(L) = Dr(L), so that A(L) is certainly a charac-
teristic ideal of L. In other words, A(L) is invariant under all automorphisms
of L. It is amusing to observe
Lemma 2.3. If either dimg Ly < oo or dimg L < oo, then Ly CA(L).

Proof. Let x € L; and say dimg L, < oo ; then obviously dimg[L,, x] < co.
Moreover [L,.1, x] C L,, so dimg[L,,;, x] < oo. Thus dimg[L, x] < oo as
required.

Let H be a graded subspace of L. Then H actson U(L) and the constants
for H are {a € U(L)|[H, o] = 0}. The almost constants for H are

{a € U(L)|[H', o] =0, for some subspace H' of finite codimension in H }.

Note that the elements of D;(H) are almost constants for H. We continue
with
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Lemma 24. Let H be a graded subspace of L.

(i) If a1, @2, ..., an are almost constants for H, then there exists a graded
subspace H' of finite codimension in H with [H', a;]1=0, forall i.

(ii) The almost constants for H are a subring of U(L) which contains U(D),
where D =D (H).

Proof. Part (i) follows from Lemma 2.1 using the fact that the finite intersection
of subspaces of finite codimension is of finite codimension. Let S denote the
almost constants for H. By (i) and the linearity of [ , ], it easily follows that
S is closed under addition. Similarly, by (i) and (5), S is also closed under
multiplication. Since $ D D, we have S D U(D).

If W is asubspace of V', then a complementary basis for V\ W is a linearly
independent set X such that W & KX =V, where KX is the K- linear span
of X.

Now let H be a graded subspace of L and let D = D (H), so that D is
a (restricted) subalgebra of L. When writing elements of U(L) based on D,
we must, of course, choose a complementary basis for L\ D. We will, in fact,
require such bases of a special type. Since H is graded, we have H = Hy® H, ,
so clearly D = Dy (Hy) N D.(H;). In addition, since both H, and H, are
o-stable, D; (Hy) and D, (H,) are also both g-stable and we have

(DL(Ho) + Dr(H,))/D =Dy (Hy)/D®DL(H,)/D.

It follows that we can find a homogeneous complementary basis X for L\ D
such that X = XoUX,UX,, where

Xo is a complementary basis for D, (Hy) \ D,

X, is a complementary basis for D, (H;)\ D,

X, is a complementary basis for L\ (D.(Hp) + D.(H))).

We call such bases special and when ordering these bases, the even elements
will always come first. Furthermore, notice that Xy,UX> is linearly independent
modulo Dy (H;) and X,UX; is linearly independent modulo D, (Hp).

If we write o € U(L), as )_na, based on D and if we use a special basis
for L\ D, then we say that a is specially based on D. This means that all
monomials 7 are straightened monomials in a special complementary basis for
L\D. Furthermore, we say a;, a3, ..., a, are specially based on D if they are
all written with the same special complementary homogeneous basis for L\ D.
Note that the definition of a special basis includes within it the assumption that
the basis is homogeneous.

The following lemma will be crucial later in this paper.

Lemma 2.5. Let H be a graded subspace of L and set D = Dy (H). Suppose
Z ={z\, z3, ..., z4} is a finite subset of a special complementary basis for
L\ D andlet H' be a a-stable subspace of H of finite codimension. If V is a
finite-dimensional subspace of L and if N > 1 is a positive integer, then there
exist homogeneous elements x;., for i=1,2,...,q and k=1,2,..., N in
H' such that if t;jx = [Xi, z;], then the nonzero elements in the set {t;;x} are
K-linearly independent modulo V . Furthermore t;; #0, forall i, k.

Proof. Since H’ is of finite codimension in H , we have D = D (H’) therefore,
without loss of generality, we may assume that H' = H. Furthermore, since
Z is a subset of a special complementary basis, we can write Z = ZyUZ,UZ,
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where Zy C Dy (Hy), Z; C Di(H,), Z,UZ, is linearly independent modulo
Dy (Hy) and ZyUZ, is linearly independent modulo Dy (H,).

Let s = |Z| + |Z,|; we will first find sN elements of {x;,} corresponding
to the z; € Z;UZ, and then find (g —s)N elements of {x;,} corresponding to
the z; € Zy. To this end, let H; be a subspace of Hy of finite codimension
such that [H}, Zy] =0 and let A be the K-linear span of Z,UZ,. Since [ , ]
is a bilinear map from L x L to L, it follows that [ , |: HyxA4 — L is
bilinear and no nonzero element of 4 annihilates a subspace of H| of finite
codimension. We can therefore apply Proposition 2.2 of [BP] to conclude that
there exists a subspace Hy of H; of dimension sN such that [Hy, A] ~ HjxA
and [Hy, A]NnV = 0. We then double subscript a basis for Hy to obtain
those elements of {x;,} for which i runs through all those subscripts with
z; € Z;UZ, and such that 1 < k < N. We note that all the elements of
{xix} are homogeneous and if we set #;jx = [Xxy, z;] then f;; = 0 if and
only if z; € Zy. Furthermore {t;k|z;, z; € Z,UZ;,} is a set of s2N elements
which are K-linearly independent modulo V. In particular, ¢;; # 0 for all
z;i € Z\UZ,.

We continue with an argument similar to the one above; let B be the K-
linear span of ZyUZ, and let H| be a subspace of H; of finite codimension
such that [H], Z;]=0. Since [ , ]: H] x B — L is bilinear and no nonzero
element of B annihilates a subspace of Hj of finite codimension, we can again
apply Proposition 2.2 of [BP]. Thus, if we let W be the finite-dimensional
subspace of L spanned by V and {t;x|z; € Z,UZ,}, then there exists a sub-
space H{' of H| of dimension (g —s)N such that [H{', B] ~ H]' x B and
[H]', Bjn W = 0. Now double subscript a basis for H{' to obtain those el-
ements of {x;} for which i runs through all those subscripts with z; € Z,
and such that 1 < kK < N. These new elements of {x;} are also all homoge-
neous and if we set #;x = [x;, z;], then ¢, =0 if z; € Z; and z; € Z;.
Furthermore the elements of {¢;x|z; € Zyp and z; € ZyUZ,} are K-linearly in-
dependent modulo W and, by the definition of W , it follows that the nonzero
elements of {t;;x|1 <i,j<q and 1 <k < N} are K-linearly independent
modulo V. In particular, ¢;;; # 0, forall i, k.

We now observe that Dy (H) is well behaved under field extensions.

Lemma 2.6. Let H be a graded subspace of L and let F be an extension field
of K. Then F ® L is a Lie superalgebra over F and
Drer(F® H)=F DL (H).

Proof. Set D = Dy (H); it is clear that F @ D C Drg (F ® H). Thus for
the reverse inclusion, it suffices to show that if x;, x,...,x, € L are K-
linearly independent modulo D, then they are F-linearly independent modulo
Drer(F ® H). To this end, let B = Kx; + Kx; + --- + Kx, and note that
BND=0.Thus [, ]: Hx B — L is bilinear and no nonzero element of B
annihilates a subspace of H of finite codimension. Therefore, by Proposition
2.2 of [BP], there exists a finite-dimensional subspace H' of H, of arbitrarily
large dimension over K , such that [H’, B] ~ H' x B. Therefore [FOQH', F ®
B] ~ F ® (H' x B) and this has dimension over F equal to n(dimg H').
However, since dimg H' can be chosen to be arbitrarily large, we conclude that
(F®B)NDreL(F®H)=0.
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We close this section with an easy observation about A(L).

Lemma 2.7. Let H be a finitely generated superalgebra of A(L). Then H is
constant-by-finite and dimg[H , H] < oc.

Proof. Suppose H is generated by elements A, h;, ..., h, € A(L); then, by
Lemma 2.4(i), there exists a graded subspace H’ of finite codimension in H
with [H’, h;]] = 0, for all i. However, as in Lemma 2.4(ii), the constants for
H' are a subring of U(L) which contains all the 4;, hence [H', H] = 0. In
particular, if we let C = {h € H|[h, H] =0}, then C D H' and C is clearly
of finite codimension in H . Since C is the set of constants of H in H, it
follows that H is constant-by-finite.

Finally, the superbracket [ , ] determines an epimorphism [ , ]: H/C x
H/C — [H, H]. Since dimgx H/C < oo, we conclude that dimg[H, H] < co.

3. DERIVATION IDENTITIES

Let x € L., let 0(x): U(L) — U(L) defined by 9(x)(a) = [x, o], for all
a € U(L), be the superderivation induced by x. We will write the image of «
as o* . Some basic properties of 9(x) are as follows:

(1) o =xa—-(-1)*ax € Uy, forall a € U,, and, by (5), it follows that

(5) (ap)y* =a*p+ (-1)*ap*, forall a € U, and B € U,.

Throughout, if o is a homogeneous element of U(L), we will let ¢(a) denote
the parity of «.

Lemma 3.1. Let o, a3, ..., a, be homogeneous elements of U(L) and let x
be a homogeneous element of L. Then

(alaz .. .an)x — Z(_l)e(x)e(alal“'ai—l)alaz N ai—lai"ai-{-l Sy .
i
In particular, if a € U(L), then dega* < dega.

Proof. The first formula follows by applying induction to (5'). The degree for-
mula follows by writing « in terms of straightened monomials and applying the
superderivation induced by x to each of the monomials. By the first formula,
no monomial appearing in o* will have degree exceeding dega .

Our next lemma easily follows from Lemma 3.1.

Lemma 3.2. Let o, a3, ..., a, be homogeneous elements of U(L) and let
X1, X2, ..., Xn be homogeneous elements of L. Then
(@rag- - ap)™ =% = 3" +a1"a)” - ay”
o€Sym,,

+ terms with at least one «; not differentiated .

It is a thankless task to compute the individual + and — signs in the above
lemma, but fortunately computing them will not be necessary.

Lemma 3.3. Let a,, a3, ..., a, be even elements of U(L), let By, B2, ..., Bm
be homogeneous elements of U(L), and let x\, X3, ..., Xn, V1, V2, ..., Ym be
homogeneous elements of L. Set k = dega; + degay + --- + dega, + deg f; +
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degBr+---+deg B . Then

(alaz . anﬂlﬂz e ﬂm)xnxn—l"'XIYM,Vm—I"',VI

— X1 X2 ... % YigRYa... By
= Z Qg Qg, * O Z +82) B, Tm

g€Sym,, 1€Sym,,
+ terms with at least one «; or B; not differentiated
+ terms of degree less than k
+ terms with at least one «; differentiated by some y; .

Proof. Let M denote the K-linear span of all possible terms in the last three
categories listed above. The goal is to compute

(a0 anPiBa- - o) rXn=1 Xy m¥m—r-pi

modulo M. To this end, we differentiate ajo;---a,f182-- fm by each Xx;
and y; in turn. In the course of this procedure certain monomials occur which
may not yet be in M , but which will necessarily be in M once all the n + m
differentiations are applied. Thus we use = to denote not merely congruence
modulo M, but rather eventual congruence modulo M . For example, any
monomial containing a factor ﬂj"’ or a second derivative is eventually in M
since, when all differentiations are applied, it is clear that either some a; is not
differentiated or it is differentiated by some y, . In particular, we can view each
B; and each first derivative as a constant for x; modulo M .

We begin by applying x,. Since modulo M all the f; are constants and
since all the «a; are even, we get

(araz--anPifa- (Zal 'an) BiBa-- Bm.

Although o]" may not be even, all the a; are even and therefore we can
move o;" to the right of a, modulo terms of degree less than k. Thus

(@102 anPiBa- Bm)" =Y a1y, ny” BB By
tn

where ~ indicates that the factor is missing.

Next we apply x,_; ; once again we view f,, f2, ..., Bm as constants mod-
ulo M. In addition, we can also view o;" as a constant modulo M, since
if oy is differentiated more than once, then some o or g factor will not be
differentiated. Since every o« Is even, this gives us

(a1az- - anBiBa- - B )

EZ Za]..‘a?"_l...dt"...an ai"'ﬂlﬂz...ﬂm.

In i=1

i#ty

Again, since each a is even, we can slide af"" to the right of «a,, modulo
terms of degree less than k. Thus

(arop---anBify- - Bm) ™
= Y e b, Gy andy g BB B

th—1 ?étn
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Since t,_ # t,, the above sum is taken over the start of a permutation in
Sym,, . Continuing in this manner with the other x;, we clearly obtain

(arez - anfifo- - )™

= Z afla ol | B Bm.

o€Sym,,

Now set 4 =3, cqym 0o 0 - 0, and notice that 4 is homogeneous since

each summand has parity &(x;) +é&(x2) +--- +&(x,). Moreover, 18- Bm 18
also homogeneous and thus we have

A(B1B2--- Bm) = 2(B1B2- - Bm)A + terms of degree less than k.

Finally, we must compute (+8,8;-- fmA)’"Ym-1""1 modulo M . In this
case, we can assume that A is a constant for each y;, since otherwise second
or higher order derivatives occur. Thus, by Lemma 3.2, we have

(iﬂlﬂz...ﬂmA)}’mYm—r“YlE Z :tﬂ']v’l ;'2... ;‘;:m A.

t€Sym,,

Since each /3;"’ is homogeneous, we can interchange these factors up toa +
or — sign and terms of lower degree. Specifically, we do these interchanges so
that they y;’s are written in the correct order. This yields

Z :I:Bf" ;2 yim — Z 871 B72--- By | + lower degree terms,
1€Sym,, 7€Sym,,

where, of course, the individual + signs on the right may certainly differ from
those on the left. Thus if we set B = (3 cs,m +87 Br; -+~ Biy) . then

(iﬂlﬂz...BmA)YMYM—I”'yI = Z iﬂ{: ‘,:/22 ﬂ%’: A=BA.

t€Sym,,

Now note that B is homogeneous since each summand has parity &(f;) +
-+ &(Bm)+e(y1) +- - +&Wm) . Thus, modulo terms of degree less than k , we
have BA = +AB . By absorbing the + or — into the B summand, we obtain

(arap--anPiBa--- Pp) -t BYmIm-t I = A(£B),
thereby proving the lemma.

If X is asubset of L, recall that X" is the K-linear span of all products of
the form x;x;---x;, with x; € X and 0 < kK < n. We continue with

Lemma 3.4. Let Z ={z,, z3, ..., zq} be a homogeneous linearly independent

subset of L written with all the even terms coming first and let & = zll’l zé” e zf,"’

be a straightened monomial in U(L) of degree n =b; +by+---+ b,.

Let {x;j|1 <i<gq and 1 < j < n'} be a set of homogeneous elements in
L, with n' > n and set t;jx = [Xy, zj]. Assume that the nonzero elements
in T = {t;x} are linearly independent, order them lexicographically, and also
assume that t; # 0, forall i, k.
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Nowlet 6 = xi |- X1,4,X2,1""*X2,a," " Xq,1" " Xq,a,» With 0 < a; and a, +
ay+---+ag=n. Then & =& +&+&, where & € Y7 LSZ'L"=571 | &, isa
K-linear combination of straightened monomials of degree n in the t;j; having
at least one factor t;j; with i # j, and finally,

53 = ial!a2!" 'aq!tl,l,l : "tl,l,q,t2,2,l "‘t2,2,a2 v 'tq,q,l "‘tq,q,a,, s

if a;=b; forall i, but & =0 otherwise.
Proof. Sincen’ > n > a;, for every i, there are sufficiently many x;; available
to form J. In addition, since T is a set of ordered, homogeneous, K-linearly
independent elements of L, we can consider T to be part of an ordered basis
of L.

Each z; is homogeneous, therefore we can begin by viewing ¢ as a product
of n homogeneous elements and then use Lemma 3.2. If some monomial
in &9 contains a z; factor which is not differentiated, then that monomial is

contained in Z;’;Ol LSZ'L"=s-! and absorbs into &;. On the other hand, if
every z; factor of a monomial is differentiated by some x; , we obtain + a
product of various ¢;; . Notice that no #;; occurs more than once, since each
Xi, occurs at most once in 6 . Monomials, all of whose factors belong to T,
can then be straightened modulo terms of degree less than » which absorb into
& . Thus &° is indeed of the form &, + & + &3, where &; is the sum of all
straightened monomials in the various ¢;; . It remains to compute &;.

The &3 term occurs only if each z; is differentiated by some x;; with j =i.
Clearly, this can only happen if a; = b;, for all i, therefore we will now assume
that this is the case. Say z,, z,,..., z, are the even elements of Z and
Zesl, --- » Zq are all odd. Write

E=z(z8 -z =gy Bi B B,
where each «; is some z; with i’ <e and each B; is some z;» with /" >e.
Furthermore, write
O =uuy - UV Uy Vs,
where each u; is some x;; j with i’ < e and each v; is some Xx;» j» with
i"” > e. We now apply Lemma 3.3 to

E = (ajay- oy By B - By)lrva urvrve s

Notice that the unspecified summands in Lemma 3.3 all absorb into &, or &,.
Thus the &; term will come from

AB=| ) afogag || Y EBUBLT Y
g€Sym, 7€Sym;

We get a &3 contribution if and only if ¢ and t are chosen so that the z
subscript of a, matches the first x subscript of u,_,;; and similarily, the z
subscript of B matches the first x subscript of v;_;,;. Since a; = b;, all
such summands in the A4 factor must therefore look like

Xe .ap Xe 1 X2.ay X2.1

X1.a Xy
Z(’ -..Ze ...ZZ ..,22 Zl

...ZI .

and there are precisely a;!a,!---a,! permutations of the «;’s which leave the
z;’s in this order. Thus the contribution to &; from A is

a'ay - alte e ate et 20 2
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For B, since the corresponding z;’s are all odd, we must have for each i,
a; = b; =0 or 1. Therefore a;! = 1 and there is only one possible permutation
of the B’s which yields a contribution. Indeed this contribution is

Xq,aq _Xa—1.a5_ Xetl,apyy
a  Z4-1 T Zeyl =*lg,q,a,lq-1,q-1,a,, " " le+1,e41,8,01 >

with the understanding that if a; = 0 then the term is not present. Thus the
contribution to &3 from AB is

ta)lay! - aglte e a, te e 1t a1 g 0, et ] et gy -

Finally, all the #;;, are homogeneous, thus they either commute or anticom-
mute modulo lower degree terms which absorb into &;. Therefore we get

G=zxala!--aglty 1,1 W,e2,2,10 8,2, U017 lg g, 0,5
as required and the lemma is proved.

Let us recall that if x € L,, then d(x): U(L) — U(L) is the superderivation
given by 9(x)(a) =[x, a], forall « € U(L). If X is any og-stable subspace of
L,let 8"(X) be the set of all n-fold derivations 9 (x;)d(x;) - 6( Xx,) with each
x; homogeneous in X . Here 8°(X) = {1} and we let 0°°(X) = |J2,9™(X).

Proposition 3.5. Let H be a o-stable subalgebra of L and set D = Dy(H).
Fix a special complementary basis for L\ D and assume that all n’s below are
straightened monomials in that basis. For each of these finitely many distinct 7,
let y, € U(L) and assume that integers r, s are given such that

(i) all n have degree <r,

(i) degY, n°yy <, forall 6 € 3"(H'),
where H' is a graded subspace of H of finite codimension. Then for all n we
have degn + degy, <s. Here, of course, deg0 = —occ
Proof. Let N be the maximum of deg#n+degy, , taken over all 1, and assume,
by way of contradiction, that N > s. Among all such terms with degn+degy, =
N, suppose the monomial n = ¢ has maximal degree n. Thus n <r.

By assumption, each 7 is a monomial in the set Z = {z;, z3, ..., z4} which
is a finite subset of a special complementary basis for L\ D. In particular, Z
consists of homogeneous elements and is ordered so that the even members
come first. Now choose Y D Z to be a finite, ordered, linearly independent,
homogeneous subset of L such that all y, can be written in terms of the basis
elements in Y .

Since Z = {z;, z3, ..., z4} is K-linearly independent modulo D = D, (H)
and since H'’ is of finite codimension in H , it follows from Lemma 2.5 that
there exist homogeneous {x;|l < i< g and 1 < k < N} C H' such that if
tijk = [xik , z;], then the nonzero elements of the set {#;,} are K-linearly inde-
pendent modulo the finite-dimensional subspace spanned by Y . Furthermore,
tiik 560, for all i, k.

The ¢;j; of finite are all homogeneous, since the z; and the x; are homoge-
neous. Now order the nonzero ¢;; lexicographically and then extend {f;;c} to
aset T sothat B = TUY is a homogeneous, ordered basis for L with T <Y .

Write & = 201z~ zg* , with a; +a, + -+ a; =deg = n, and let § be
the n-fold derivation given by

6 =0(x1,1) " 0(x1,4,)0(x2,1) - 0(X2,4,) -+ O(Xg,1) - O (Xgq,a,)
€ O"(H') C 8" (H').
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We now examine the degree N terms of 3" 7%y, . Let
T=lh,00 hah,2,10 022,60 19,17 " lg,q,0,

and we specifically consider the degree N termsof ) n°y, containedin TYV-".
Note that 7 # 0, since ¢;;; # 0, forall i, k.

If degn + degy, < N, then the term n°y, has degree less than N and
therefore makes no contribution. Thus suppose degn+degy, = N;if degn<n
then n%y, C L""'YN-7+l and the latter set is disjoint from tY¥~". This
follows since the degree N monomials in L*~1YN-n+l = (T1 4 ylyn-1yN-n+l
have less than n factors from T . Therefore we may also suppose that degn =
n; thus n = zf'z?'--zf,"’ with by + b, +---+ b, = n. By Lemma 3.4, n° =
m+n+ns, where ;€ Y0 L5z Lr=s= ¢ Y Lsy'L=s-! and 1, isa
K-linear combination of straightened monomials of degree » in the ¢, having
at least one factor #;;; with i # j.

Note that n,y, € S0} LSY'Ln=s=1yN-n C [n=1yN-n+1 and hence n;7,
makes no contribution to the terms in tY¥~". Similarly, from the form of
12, we see that 7y, C nY¥=" also makes no degree N contribution to the
terms in tY¥-". Therefore the only possible contribution to 7Y¥~" must
come from 7;. However, by Lemma 3.4, 13 =0 unless n =¢&.

It now follows that the unique contribution to tY¥~" of degree N is 53){, ,
where y; is the degree N —n part of y;. However, y; is a nonzero element
of YN-" and & = +ay!ay! - - a,'t. Moreover, if char K =p > 2 then a; < p,
for all i including the odd terms, so &; # 0. Thus we obtain a unique degree
N contribution to TY¥~" contradicting the assumption that deg}" n’°y, <s <
N . We therefore conclude that degn +degy, <s, forall 7.

The identity in the statement of the next result is called a derivation identity.

Theorem 3.6. Let H be a graded subspace of L and suppose either char K = 0
or char K =p > 2 and L is restricted. Let «;, B; € U(L) and assume that

B +adfr++aB, =0 forall§ € d®(H"),

where H' is a graded subspace of H of finite codimension.

Write each a; = E,’ Nay,; specially based on D = Dy (H). Then, for all n,
we have

a,,,lﬂl +a,,,2B2+ +aq,vﬂv =0.

In particular, if some o; is not zero, then {By, B2, ..., By} is left linearly
dependent over U(D).
Proof. Define y, = a,, 181+ ay 282+ -+ ay,ufy, for each n. Since ay,; €
U(D), it follows from Lemma 2.4 that there exists a graded subspace H” of
finite codimension in H with [H", oy ;]=0, forall n, i. Replacing H' by
H' N H", we can assume that [H', a, ;] = 0, for all n, i. It follows from
Lemma 1.1(ii) and the fact that H' is graded, that (nay,;)° = nay,;, for all
0 € 0°°(H'). Hence the derivation identity becomes

0= (nay,)’Bi=>_ nay,iBi=>_ n°m.
n,i n,i n

The result now follows from Proposition 3.5 with r = max(deg#n) and s = —1.
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4. LINEAR IDENTITIES
Let R be any ring; a linear identity in R is any equation of the form
ayrfr+arfr+ -+ ayrfy =0,

which~ holds for all »r € R. Here each «; and B; is a fixed element of R
and R is some “large” subset of the ring. From a ring theoretic point of view,
linear identities are more important than derivation identities, as they arise in
numerous ring theoretic situations. In dealing with such identitiesin R = U(L),
there is no harm in assuming that the o’s and £’s homogeneous. Our results
here will not be quite as sharp as those obtained in the previous section for
derivation identities.

Our main assumptions remain in force. Thus either char K = 0 or char K =
p > 2 with L restricted and, depending upon char K, U(L) has as a K-
basis the monomials described in either the Poincaré-Birkhoff-Witt Theorem or
Jacobson’s Theorem. We start with the easier homogeneous case (assumptions
(i) or (ii) below). Recall that if X is a subset of L, then X>° =[J;2,X".

Theorem 4.1. Let H be a graded subspace of L. Let a;, B; € U(L) and
assume that

arxfi+axPr+-+ayxfy, =0 forall x € (H)™,

whee H' is a graded subspace of H of finite codimension. Write each o; =
>y Moy, i specially based on D =Dy (H).

Now assume that either

(i) all o; are homogeneous of the same parity, or

(ii) dimg Hy < co.

Then, for all n, we have

a"’ 1ﬂ] + an,zﬂz + st aﬂ,yﬂp = O.
In particular, if some «; is not zero, then {B, B2, ..., By} is left linearly
dependent over U(D).
Proof. Since Dy (H) = D, (H'), we can assume that H' = H. Also if H; is
finite dimensional, then dimg(H/Hp) < oo and we can further assume that

H = Hy. Let x € H*® and let & be a homogeneous element of H ; since
hx € H*® we have

> aihxpi=0= ho;xp; forall xe H®.
i i

Now, by (i), all the a; are homogeneous of the same parity or, by (ii), all the A
are even. Therefore there exists a sign (—1)? such that af’ = ha; — (=1)%;h,
for all /. Hence the above displayed equations yield

0= Zha, Yaih)x B = Za xpBi.

Notice also in case (i) that we have &(a ”) = g(a;) + 8(h), so that if all the
a; have the same parity, then the same is true for the a . We can therefore
continue in this manner to conclude that

0= Za‘,—sxﬂi forall x e H* and 6 € 0°(H).




DELTA METHODS 273

In particular, with x = 1, we obtain the derivation identity
0=3"af; foralld €d>(H),
i

and Theorem 3.6 yields the result.

The nonhomogeneous case (assumption (iii) below) is more complicated. To
start with we have

Proposition 4.2. Let H be a g-stable subalgebra of L and set D =Dy (H). Fix
a special complementary basis for L\ D and assume that all the n’s below are
straightened monomials in that basis. For each of these finitely many distinct n,
let y, € U(L). Assume that

(iii) dimg H; = oo.

If

Z nxy, =0 forall x e (H')™,
n

where H' is a graded subspace of H of finite codimension, then y, =0, for all
n.

Proof. Since Dy (H)=D.(H'), we can assume that H = H'. Next write y, =
Yn+7n as a sum of homogeneous terms with 1 and y, having the same parity
and 7 and y, having opposite parity. Thenr, for all homogeneous x € H*>,
we have

0= nx(ry+7)),
n

and taking homogeneous components yields
donxyy=0=23 nxy,.
n n

Since these hold for all x € H*, we can therefore assume that each y, is
homogeneous with &(n)+¢&(y,) = a, where a denotes a fixed parity. Throughout
the proof, the parity a will change as we modify the y’s. Suppose, by way of
contradiction, that y; # 0. Say &(4) = e and set N = max,{degn, degy,}.
We may assume that all y, are nonzero, by deleting zero terms.

Let h € H;, and suppose &(y;) = b; then, for all x € H™ we have

> nxhy,=0=> nxyh,
n

n
SO

0= nx(hyy, + (=1)’7yh).
n
We now consider the expressions Ay, + (—1)2y,h . Suppose first that &(n) =
eA)+1=e+1. Then &(y,) =b+1 and since h € H,,
h}’n + ("l)b}’r]h = hyr; - (_l)bH)"ﬂh = }’,’; s
and hence

deg(hyy + (—=1)y,h) = degy} <degy, < N.
On the other hand, if &(n7) = &(4), then &(y,) = b and

hyy + (=1)2ph = hyy — (=1)Pyyh + 2(=1)0yph =yl + 2(= 1)y, h.
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Again, deg y,’,’ < degyy,, but since H, is infinite dimensional, we can assume
that  is chosen outside of the space spanned by the supports of all such y,.
In this case, degy,h = degy, + | and thus deg(hy, + (=1)°y,h) = degy, + 1.
In other words, this process allows us to not increase the degree of all y, with
e(n) = e+1 and to increase by 1 the degree of all y, with &() = e. Note also
that
e(hyy + (=1)’yph) = e(yp) + 1,

so that this new identity

0= nx(hy, + (=)’ pyh),
n

has the property that, for all #, &(n) + &(hy, + (=1)?y,h) is constant. We can
therefore continue this process and in a finite number of steps, we will obtain
an identity
(%) > nxpy=0  forall x € H®
n

satisfying degn < N, degy, < N if e(n) = e+ 1, and degy, > 3N + 1 if
e(n) = e. In particular, degy;, > 3N + 1.

Now we start working on the left factors of (x) as in the proof of: Theorem
4.1. Let x € H*® and let & be a homogeneous element of H . Since hx € H® ,

we have N N
Z nhxp, =0= Zhnx?,, ,
n n

and hence X o
> (hn — (=1)*Menh)xy, = 0.
n

We consider the left-hand factors. If e(y) = e then hn — (—1)*®enh =y |
while if &(n) = e + 1 then at least

deg(hn — (—1)*Menh) < degn+1< N +1.
Continuing this process at most N steps, we see that for all § € OV (H) we

have
Z n"x?,, + Z n(d)xp, =0 forall x e H®,
e(n)=e e(n)=e+1
where degn(d) < N+ N = 2N. In particular, this holds for x =1 and recall
that if e(n) =e + 1, then degy, < N. Thus the right-hand sum has degree at
most 3N and we conclude that
deg Y n°9, <3N foralld € dV(H).
&(n)=e

However, degn < N for all n, so we can apply Proposition 3.5 with r = N

and s = 3N . We conclude, for all n with ¢() = e, that
degn +degy, <s=3N.

But ¢(1) = e and degy; > 3N+ 1, so we have a contradiction, thereby proving
the result.

We can now combine the preceding two results. The weakness here is the
assumption on D in the case where H; is infinite dimensional.
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Theorem 4.3. Let H be a graded subspace of L and let o;, B; € U(L) such
that

axBi+ayxfr+--+ayxPy, =0 forall x e (H)™,

where H' is a graded subspace of H of finite codimension. Write each a; =
>y Moy, i specially based on D =DL(H).
Assume that if dimg H, = oo, then D = Dy is even. Then, for all n, we have

ar],lﬂl +ar7,2ﬂ2 + - +an,vﬂv =0.

In particular, if some «; is not zero, then {fy, B2, ..., Bv} is left linearly
dependent over U (D).

Proof. If dimg H; < oo, this is just Theorem 4.1. Therefore we can assume
that dimg H, = oo and hence that D = Dy is even. Since each a, ; € U(D) =
U(Dy), we see that each a, ; is even and, by Lemma 2.4, it follows that there
exists a graded subspace H" of finite codimension in H' with [H", oy, ;] =0,
for all n, i. Replacing H' by H' n H", without loss of generality we can
assume that [H’, o ;]=0, for all 5, i. In particular, using property (1) and
the fact that all the a,,; are even, it follows that if 4 is any homogeneous
element of H' then A commutes with a, ;. Thus all of H’ commutes with
ay .-

”Finally, let x € (H')>;then x commutes with all «, ;, so the linear identity
becomes

0= Zna,,,,-xﬂ,- = ana,,,,-ﬂi = Z nxy, forallx e (H')™,

n,i n,i n

where we set y, = Y, a, ;B;. Proposition 4.2 now implies, using dimg H;, =
oo, that y, =0, for all 7.

It is clear that the above argument works without the assumption on D if
we merely assume that all the a, ; have the same parity.

5. APPLICATIONS OF DERIVATION AND LINEAR IDENTITIES

In this section we obtain several consequences of the results on derivation
and linear identities.

Corollary 5.1. Let H be a o-stable subspace of L and set D = D (H). Then
U(D) is precisely the subring of U(L) consisting of almost constants under the
action of H.

Proof. Let A be the ring of almost constants. By Lemma 2.4 we have U(D) C
A. Conversely, let o € A and observe that for some og-stable subspace H' of
finite codimension in H we have 1°a = o1 for all 6 € 9°(H'). Note that
the 1 term is needed to handle 6 = 1.

Write o = ) no, specially based on D. Then, by Theorem 3.6, n # 1
implies that a, = 0. Thus a = la; € U(D).

Similarly we can speak about the almost centralizer of H in U(L). By
definition « is in this almost centralizer if and only if it commutes with some
o-stable subspace H' of finite codimension in H .
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Corollary 5.2. Let H be a a-stable subspace of L and set D = Dy(H). Then
the almost centralizer of H in U(L) is a graded subring of U(D). Furthermore
if dimg H, = oo, then the almost centralizer is contained in U(D),.

Proof. Since H is o-stable it is clear that its almost centralizer is a o-stable
subring of U(L). Suppose that a is a homogeneous element of this almost
centralizer. Then o centralizers H’', a subspace of H of finite codimension,
so a satisfies

Ixa=ax1 forall x € (H)®.

Suppose first that either o is even or dimg H; < oo. Write a = ) nay,
specially based on D . Then, by Theorem 4.1, we have la, =0 forall n# 1.
Thus a =a, € U(D).

Finally suppose by way of contradiction that « # 0 is odd and dimg H, =
. If h e (H),,then o’ = ah + ha = 2ah, and hence deg2ah = dega” <
dega . On the other hand, since dimg H; = oo, we have choose /4 not in the
space spanned by the support of «. But for this /4, deg2ah = 1 + dega and
we have the desired contradiction.

Suppose that Ly =0 and L, = Ke; + Ke; +--- + Ke, with n odd. Then
U(L) is a Grassmann algebra and a = eje;---e, is an odd central element.
Thus we see that dimg H; = oo is needed in the above.

We now move on, as in [BP], to study the semiprimeness and primeness of
U(L) and its relation to U(A(L)). However the weakness of Theorems 4.1 and
4.3 leads to a less than perfect result. Indeed, for the most part, we can only
consider graded primeness.

For the remainder of this section we fix a special complementary basis B
for Dy (L) = A(L). Then every element a € U(L) can be written uniquely
as a = Z” na, where n is a straightened monomial in B and where each
ay, € UA(L)). If a # 0 and if » = max{degn|a, # 0} then the leading
coefficients of a are all those o, # 0 with degv # n.

Lemma 5.3. Let o =}, nay be a nonzero element described as above and let
a, be one of its leading coefficients.

(1) If « is homogeneous, then so is a,, .

(i1) If y € U(A(L)), then either a,y = Oor a,y is a leading coefficient of
ay.

(ii1) If y is a homogeneous element of U(A(L)) then either ya, =0 or ya,
is a leading coefficient of tya.

Proof. (i) Since B consists of homogeneous elements, each 7 is homogeneous.
In particular, if o is homogeneous then each «, is also.

(ii) This is clear since ay =3, n(ayy).

(iii) Let n # 1 be a straightened monomial in B and write n = zn' with z
being its first factor. Note that z is a homogeneous element of L. If x is a
homogeneous element of A(L), then xz — (—1)¢¥é(Z) zx = zX and hence

xn = (=) z(xn') + 2%
But z¥ € A(L), since x € A(L), and therefore it follows by induction on degn

that
xn = (= 1)FEM x4 Z AB;.
deg A<degn

This of course also holds for n=1.
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Now suppose S is a product of homogeneous elements of A(L). Since o =
Z,, Nnay , it follows from the above that the B-monomials in S all have degree

< degv . Furthermore, the coefficient of v in fa is given by (—1)¢82)gq,, .

Finally, y is a K-linear sum of such f’s and, since y is homogeneous,
e(B) = e(y). Thus all B-monomials in ya have degree < degv and the v-
coefficient is equal to (—1):")e")yq, . This clearly yields the result.

If A isa K-subspace of U(L), welet n(A) be the linear span of the leading
coefficients of all 0 # o € 4. We also say that 4 is L-stable if o € A for all
a € A and all homogeneous x € L. Basic properties are as follows:

Lemma 54. Let J # 0 be a graded ideal of U(L). Then =n(J) is a nonzero
graded, L-stable ideal of U(A(L)). Furthermore n(J) = n(Jp) + n(Jy).

Proof. If a =3, nay € J, then o° = 35, n(~1)*"ag . Thus the coefficients
of a are linear combinations of the corresponding coefficients of a + o’ and
a—a’. Since J is graded, a+a’ € Jy, and a —a? € Jp, so it follows that
n(J) = n(Jo) + n(J;). Lemma 5.3 (i) now implies that n(J) is spanned by
homogeneous elements and hence n(J) is graded.

Since #(J) is closed under addition, (ii) and (iii) of the preceding lemma
imply that n(J) is a nonzero ideal of U(A(L)). It remains to show that n(J)
is L-stable. For this, let x be a homogeneous element of L. Now, if f is a
homogeneous element of J, then g* = xf — (—1)!*)B)gx € J. Thus since
J is graded, it follows that J* C J .

Let a = 2,, na, be any element of J and let a, be a leading coefficient
with degr = n. We compute the leading coefficients of o* € J. Since each 75
is homogeneous, we have

or = Z(nxa,, +nay).
n

Furthermore, note that degn* < degn < n. Thus if we write each n* as
n* =3, t(n*). then degt + deg(n*). < degn. It follows from all of this that
all B-monomials in o* have degree < n and that the coefficient of v is taj
plus a K-linear combination of leading coefficients of «. But this coefficient
and all leading coefficients of o are contained in n(J). Thus of € n(J) and
n(J) is L-stable.

We now prove

Theorem 5.5. If A and B are graded ideals of U(L) with AB = 0, then
n(Ad)n(B)=0.
Proof. We first show that 7(4)B = 0 and, in view of Lemma 5.4, it suffices
to show that n(A4,)B =0 for a=0, 1. Let a = En na, be a homogeneous
element of 4 andlet f € B. If x € L* = U(L), then axf € AB = 0.
Thus, since a is homogeneous, Theorem 4.1 implies that o, = 0 for all .
In particular, the leading coefficients of « annihilate B and hence n(4)B =0.
Finally, recall that n(A) is graded and let y be a homogeneous element of
n(4) € UA(L)). If B =3, nBy € B has leading coefficient B, then, by
Lemma 5.3(iii), either yB, = 0 or ypB, is a leading coefficient of +yf#. But
yB € n(A)B =0, so we must have yf, =0 and it follows that n(4)n(B)=0.
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We say that U(A(L)) is graded L-prime if the product of any two nonzero
graded, L-stable ideals of U(A(L)) is nonzero and we say U(L) is graded
prime if the product of any two nonzero graded ideals of U(L) is nonzero.
Moreover, U(A(L)) is L-semiprime if the square of any nonzero L-stable ideal
is nonzero. We observe that if A4 is a nilpotent ideal of either U(L) or U(A(L))
then 4+ A% is a o-stable nilpotent ideal and if A4 is L-stable then so is A4+ A°
by (4).

Corollary 5.6. (i) U(L) is graded prime if and only if U(A(L)) is graded L-
prime.

(i) U(L) is semiprime if and only if U(A(L)) is L-semiprime.

Proof. Suppose A is a graded, L-stable subspace of U(L). If a« € 4, and
x € L, then o* = xa—(—-1)*ax. Hence LAC AL+ A and ALC LA+ A.
It easily follows that AU(L) = U(L)A.

Now suppose I, J are nonzero graded, L-stable ideals of U(A(L)) such
that IJ = 0. By the previous arguments, /U(L) and JU(L) are nonzero
graded ideals of U(L) such that (JU(L))(JU(L)) = (IJ)U(L) = 0. As a
result, if U(L) is graded prime then U(A(L)) is graded L-prime.

Conversely, if I', J’' are nonzero graded ideals of U(L) with I'J' = 0,
then by Theorem 5.5, n(I') and n(J’') are nonzero graded, L-stable ideals of
U(A(L)) with n(I")n(J’) = 0. Thus, if U(A(L)) is graded L-prime then U(L)
is graded prime and the graded prime case is settled.

The semiprime case follows by letting I/ = J and I' = J’ in the above
arguments and using our observation that U(L) and U(A(L)) contain nilpotent
ideals if and only if they contain o-stable nilpotent ideals.

It would be of interest to determine if U(L) can be graded prime without
being prime. Although Theorem 4.1 forces us to deal with graded primeness
instead of primeness, we can use Theorem 4.3 to say more in the special case
A(L)=0.

Corollary 5.7. If A(L) =0, then U(L) is prime.
Proof. Assume that aU(L)f = 0 with o # 0. Then for all x € L>® we
have axf = 0. Write a = ) na, specially based on A(L) and note that

A(L) = A(L)o = 0. Thus by Theorem 4.3, a,f =0, for all . But a # 0 so
ay # 0, for some 7. Since a, € U(A(L)) = K, we conclude that g =0.

Since U(L) is prime when A(L) = 0, U(L) has a symmetric Martindale
ring of quotients Q = Qgs(U(L)). We know that any automorphism of U(L)
extends to one of Q. Thus o extends to an automorphism of Q of order 2.
This implies that [ , ] extends to @ and we study the action of L on Q.

Corollary 5.8. Let A(L) =0 and set Q = Qs(U(L)). Then the almost constants
in Q under L and the almost centralizer of L in Q are both equal to K . In
particular, U(L) is centrally closed.

Proof. Since U(L) is prime, if A<«U(L) with 4 # 0, then 4N A% # 0. Thus
every nonzero ideal contains a o-stable nonzero ideal.

It is clear that the almost constants and almost central elements of Q are
o-stable sets. Thus it suffices to consider homogeneous elements of those sets.
Let g be a homogeneous element of Q. By definition and the above, _there exist
nonzero o-stable ideals A, A of U(L) with A4qg C U(L) and g4 C U(L).
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Fix 0 # a € A with a homogeneous and set ag = f € U(L). Let & be an
arbitrary element of 4 and set ga = f3.

Suppose first that g is an almost constant, so that g* = 0 for all homoge-
neous x € L', with L’ a subspace of L of finite codimension. If § € 9°(L’),
then B¢ = (aq)’ = a’q, by Lemma 1.1 (even when 6 = 1), so

Bla=0a’ga=a’B forallded®(L).

It follows from Theorem 3.6, since A(L) = 0 and U(A(L)) = K, that there
exist a, b € K, not both zero, with aa = b . Furthermore a and b depend
only on « and B and hence are independent of G. Finally aa = bp = bga,
s0 (a—bg)A =0 and hence a—bg =0. If b =0, then a =0, a contradiction.
Thus b#0 and g =ab~ ' €K.

Now let g be almost central so that ¢ commutes with a subspace L' of finite
codimension in L. It follows that for all x € (L')>* we have fx = agx = axq,
SO

Bxa =axqa=axf forall x e (L)>®.

Since A(L) = 0 is even, Theorem 4.3 yields aa = bf, with a, b € K depend-
ing only on «, f. Furthermore not both a and b are zero. As above this
yields g =ab~' € K.

We close this paper with the superalgebra version of [BP, Corollary 6.6].

Theorem 5.9. U(L) is Artinian if and only if it is finite dimensional. In par-
ticular, this occurs if and only if L is finite dimensional with Ly = 0 when
char K =0.

Proof. By Jacobson’s Theorem, if char K = p > 0 then U(L) is finite di-
mensional if and only if dimg L < oo. Similarly, by the Poincaré-Birkhoff-
Witt Theorem, if char K = 0 then U(L) is finite dimensional if and only if
dimg L < oo and Ly = 0. When U(L) is finite dimensional it is certainly
Artinian and our concern is with the converse.

If I is a right ideal of U(Ly), then/U(L) is a right ideal of U(L) with
IU(L)NU(Lp) =I. Thus any chain of right ideals of U(Ly) induces a corre-
sponding chain in U(L) and we conclude that U(Ly) is also Artinian. There-
fore, if char K = 0, it is clear that Ly = O and, if char K = p, then by
Corollary 6.6 of [BP], Ly is finite dimensional. Thus, in both cases, it suffices
to show that L; is finite dimensional.

Let A be a finite-dimensional subspace of L; and let B be the K-linear span
of all a® with a€ A and § € 9°(Ly). B is clearly an Ly-stable subspace of
L, and, since U(Ly) is finite dimensional, B is also finite dimensional. Thus,
if L, is infinite dimensional, there exists a chain B(;) C B(y) C --- of Lo-stable
finite-dimensional subspaces of L;. Therefore Ly @& By C Lo ® By C -
is a strictly ascending chain of finite-dimensional supersubalgebras of L,
which are restricted if char K = p. Furthermore they yield (Lo & B(;))U(L)
C (Lo ® B))U(L) C --- a strictly ascending chain of right ideals of U(L).
However, this contradicts the fact that U(L) is also Noetherian and thus we
conclude that L, is finite dimensional.
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